The purpose of this paper is to extend the cohomology and conformal derivation theories of the classical Lie conformal algebras to Lie conformal superalgebras. Firstly, we construct the semidirect product of a Lie conformal superalgebra and its conformal module, and study derivations of this semidirect product. Secondly, we develop cohomology theory of Lie conformal superalgebras and discuss some applications to the study of deformations of Lie conformal superalgebras. Finally, we introduce generalized derivations of Lie conformal superalgebras and study their properties.
Introduction
Lie conformal superalgebras encode the singular part of the operator product expansion of chiral fields in two-dimensional quantum field theory. On the other hand, they are closely connected to the notion of a formal distribution Lie superalgebra (g, F ) , that is a Lie superalgebra g spanned by the coefficients of a family F of mutually local formal distributions. Conversely, to a Lie conformal superalgebra R one can associate a formal distribution Lie superalgebra (LieR, R) which establishes an equivalence between the category of Lie conformal superalgebras and the category of equivalence classes of formal distribution Lie superalgebras obtained as quotients of Lie R by irregular ideals. See [2, 3, 5] in details.
The notion of a Lie conformal superalgebra was introduced in [5] , which gave derivations and representations of Lie conformal superalgebras. The cohomology theory of Lie conformal algebras was developed in [1] . Lately, the generalized derivation theory of Lie conformal algebras were studied in [6] , extending the generalized derivation theory of Lie algebras given in [8] . [7] study conformal derivations of the semidirect product. [9] study Hom-Nijienhuis operators and T *-extensions of hom-Lie superalgebras. In the present paper, we aim to do same in [7] for Lie conformal superalgebras, extend the cohomology theory and study the generalized derivations of Lie conformal algebras to the super case. Furthermore, by a 2-cocycle Nijienhuis operator generate a deformation.
The paper is organized as follows. In Section 2, we recall notions of derivations and modules of a Lie conformal superalgebra. Moreover, we construct the semidirect product of a Lie conformal superalgebra and its conformal module, and study derivations of this semidirect product.
In Section 3, we define cohomology and Nijienhuis operators of Lie conformal superalgebras, and show that the deformation generated by a 2-cocycle Nijienhuis operator is trivial.
In Section 4, we introduce different kinds of generalized derivations of Lie conformal superalgebras, and study their properties and connections, extending some results obtained in [8] .
Throughout this paper, all vector spaces, linear maps, and tensor products are over the complex field C. In addition to the standard notations Z and R, we use Z + to denote the set of nonnegative integers. R is a Z 2 -graded C[∂]-module, x ∈ R means x is a homogeneous element, |a| ∈ Z 2 is the degree of a.
Conformal derivations of semidirect products of Lie conformal superalgebras and their conformal modules
First we present the definition of Lie conformal superalgebras given in [2, Definition 2.1] .
Definition 2.1. A Lie conformal superalgebra R is a left Z 2 -graded C[∂]-module, and for any n ∈ Z ≥0 there is a family of C-bilinear n-products from R ⊗ R to R satisfying the following conditions:
(C0) For any a, b ∈ R, there is an N such that a (n) b = 0 for n ≫ N, (C1) For any a, b ∈ R and n ∈ Z ≥0 , (∂a) (n) b = −na (n) b, (C2) For any a, b ∈ R and n ∈ Z ≥0 , Note that if we define λ-bracket [− λ −] :
That is, R is a Lie conformal superalgebra if and only if [− λ −] 
where
Then NS is a Lie conformal superalgebra. We call it Neveu-Schwarz Lie conformal superalgebra.
Then R is isomorphic to one of the following Lie conformal superalgebras:
Proof. Let us set [
, with a n (λ) = 0, b m (λ) = 0, and d q = 0. Consider the Jacobi identity [
, this is equivalent to saying that
Equating terms of degree 2n−1 in ∂ in both sides, we get, if n > 1 : n(λ−µ)a n (λ)a n (µ) = 0, which shows that a n (λ) = 0. So
Case 1
Equating terms of degree 2m−1 in ∂ in both sides, we get, if m ≥ 1 :
Case 2
If C = 0, we can let C = 1(otherwise, change x by a complex multiple). Then
Equating terms of degree 2m−1 in ∂ in both sides, we get, if m > 1 :
By Eq.(2.4), we have b 1 (λ) = 0 or 1.
(
Equating terms of the most degree in λ in both sides, we get
. Then R is isomorphic to R 5 .
Example 2.6. [5] Let g = g0 ⊕ g1 be a complex Lie superalgebra with Lie bracket [−, −] .
is a Lie conformal superalgebra, called current Lie conformal superalgebra, with λ-bracket given by:
Definition 2.8. An associative conformal superalgebra R is a left Z 2 -graded C[∂]-module endowed with a λ-product from R ⊗ R to C[λ] ⊗ R, for any a, b, c ∈ R, satisfying the following conditions:
Let Chom(M, N) θ denote the set of conformal linear maps of degree θ from M to N.
is an associative conformal superalgebra with respect to the above composition. Thus, Cend(M) becomes a Lie conformal superalgebra, denoted as gc(M), with respect to the following λ-bracket(see [5, Example1.1] ):
Hereafter all Z 2 -graded C[∂]-modules are supposed to be finitely generated.
Furthermore, we call (ρ, M) is a representation of the Lie conformal superalgebra R. If (ρ, M) is a representation of a Lie conformal superalgebra R, it is obvious that we have the following relations;
Example 2.10. Let g = g0 ⊕ g1 be a finite dimensional complex Lie superalgebra, π :
Definition 2.11. [5] Let R be a Lie conformal superalgebra. d ∈ Cend(R) is a conformal derivation if for any a, b ∈ R it holds that
equivalently,
Example 2.13. Every conformal derivation of Neveu-Schwarz Lie conformal superalgebra is an inner conformal derivation.
Proof. Case 1
Suppose that |d| = 0, and
Equating terms of degree n in ∂ in both sides, we get, if n > 1 : (λ − nµ)a n (λ) = 0, which shows that a n (λ) = 0. So
Case 2 Suppose that |d| = 1, and
Equating terms of degree m in ∂ in both sides, we get, if m > 1 :
Then every conformal derivation of Neveu-Schwarz Lie conformal superalgebra is an inner conformal derivation.
Definition 2.14. Let R be a Lie conformal superalgebra with λ-bracket
14) is Eq.(2.9). We have the following:
Proof. For any r ∈ R, m ∈ M θ , according to Definition 2.9 and Eq.(2.15), we have
and
Since ρ(r) ∈ Cend(M) |r| is a conformal linear map, it follows from
and hence,
and hence, Remark 2.17. If ρ is the adjoint representation of R, then an inner conformal derivation from R to R is nothing rather than an inner conformal derivation of R. In fact, for any r, r ′ ∈ R, by Definition 2.1 (C2) λ it follows from
Then R ⊕ M is a Lie conformal superalgebra, called the semidirect product of R and M, and denote by R ⋉ M.
A direct computation shows that
To check the Jacobi identity, we compute 
Replacing µ by −λ − µ ′ − ∂ in Eq.(2.25) and using (C1) λ , we obtain 
Then R ⊕ M is a Lie conformal superalgebra.
Let g be a complex Lie superalgebra and M a finite dimensional g-module. Then we have the Current Lie conformal superalgebra Cur(g ⋉ M) (see Example 2.6). By Example 2.10, C[∂] ⊗ M is a conformal module of Curg. Thus, by the above lemma we have the Lie conformal superalgebra Curg
By the module structure on C[∂] ⊗ M(see Example 2.10) it follows from Lemma 2.21. Let R be a Lie conformal superalgebra with λ-bracket
, and f ∈ Chom(M, R). Then for any r ∈ R and m ∈ M, the following two equations are equivalent:
, replacing µ by −λ − µ ′ − ∂ and using (C1) λ , we obtain
that is (2) holds. The reverse conclusion follows similarly.
Lemma 2.22. Let R be a Lie conformal superalgebra with
Then for any r ∈ R and m ∈ M, the following two equations are equivalent:
Proof. Its proof is similar to Lemma 2.21.
Let R be a Lie conformal superalgebra, and M a conformal module of R. Hereafter we denote C-linear maps from the (1) d 11 is a conformal derivation of degree θ of R.
(2) For any r ∈ R and m, m
Proof. For any r + m, r ′ + m ′ ∈ R ⋉ M, by Eq.(2.20), we have
Suppose that d λ is a conformal derivation of degree θ of R ⋉ M. By Eq.(2.9) and taking m = m ′ = 0 in the above identities, we get 
Deformations of Lie conformal superalgebras
In the following we aim to develop cohomology theory of Lie conformal superalgebras. To do this, we need the following concept.
Definition 3.
1. An n-cochain (n ∈ Z + ) of a Lie conformal superalgebra R with coefficients in a module M is a C-linear map of degree θ
where M[λ 1 , · · · , λ n ] denotes the space of polynomials with coefficients in M, satisfying the following conditions:
Conformal antilinearity:
Skew-symmetry:
where ρ is the corresponding representation of M, and γ is extended linearly over the polynomials in λ i . In particular, if γ is a 0-cochain, then (dγ) λ a = a λ γ.
Remark 3.2. Conformal antilinearity implies the following relation for an n-cochain γ: Proof. Let γ be an n-cochain. As discussed in the proof of [1, Lemma 2.1] , dγ satisfies conformal antilinearity and skew-symmetry. Thus dγ is an (n + 1)-cochain.
A straightforward computation shows that
is the sign of the permutation putting the indices in increasing order and a i,j,··· means that a i , a j , · · · are omitted.
It is obvious that Eqs. (3.3) and (3.8) summations cancel each other. The same is true for Eqs. (3.4) and (3.7), (3.5) and (3.6) . The Jacobi identity implies Eq.(3.11) = 0, whereas skew-symmetry of γ gives Eq.(3.10) = 0. As M is an R-module,
Eqs.(3.1), (3.2) and (3.9) summations cancel. This proves
Thus the cochains of a Lie conformal superalgebra R with coefficients in a module M form a comlex, which is denoted by
• (R, M) of a Lie conformal superalgebra R with coefficients in a module M is the cohomology of complex C
• .
Let R be a Lie conformal superalgebra. Define Proof. It only consists of checking the axioms from Definition 2.9.
Let γ ∈ C n (R, R). Define an operatord :
Obviously, the operatord is induced from the differential d. Thus d preserves the space of cochains and satisfiesd 2 = 0. In the following the complex C • (R, R) is assumed to be associated with the differentiald.
For ψ ∈ C 2 (R, R)0, we consider a t-parameterized family of bilinear operations on R
with a Lie conformal superalgebra structure, we say that ψ generates a deformation of the Lie conformal superalgebra R. It is easy to see that [· λ ·] t satisfies (C1) λ and (C2) λ . If it is true for (C3) λ , expanding the Jacobi identity for [
This is equivalent to the following relations 3.14) and
By conformal antilinearity of ψ, we have
On the other hand, let ψ be a cocycle, i.e.,dψ = 0. Explicitly, Eq.(3.16) and replacing γ by −λ − µ − ∂ in Eq. (3.17) , we obtain
which is exactly Eq.(3.14). Thus, when ψ is a 2-cocycle satisfying Eq.(3.15), (R, [· λ ·] t , α) forms a Lie conformal superalgebra. In this case, ψ generates a deformation of the Lie conformal superalgebra R.
A deformation is said to be trivial if there is a linear operator f ∈ C 1 (R, R)0 such that for T tλ = id + tf λ , there holds
(3.18) (3.19) where the bracket [
Remark 3.6. In particular, by (C1) λ and setting µ = −∂ − λ in Eq. (3.19) , we obtain
Theorem 3.7. Let R be a Lie conformal superalgebra, and f ∈ C 1 (R, R)0 a Nijienhuis operator. Then a deformation of R can be obtained by putting
Furthermore, this deformation is trivial.
Proof. Since ψ =df ,dψ = 0 is valid. To see that ψ generates a deformation of R, we need to check Eq.(3.15) for ψ. By Eqs. (3.20) and (3.22) , we compute and get
In the same way, we have
Since f is a Nijienhuis operator and by Eq.(3.21), we get
,
′ .
By (C1) λ and Eq.(3.21),
Note that according to the Jacobi identity and (C1) λ for a, b, c ∈ R,
Thus (i) + (i) ′ + (i) ′′ = 0, for i = 1, · · · , 7. This proves that ψ generates a deformation of the Lie conformal superalgebra R.
Let T tλ = id + tf λ . By Eqs.(3.13) and (3.22) ,
Combining Eqs.(3.23) with (3.24) gives
. Therefore the deformation is trivial.
Generalized derivations of Lie conformal superalgebras
Let R be a Lie conformal superalgebra. Define Der(R) θ is the set of all derivations of degree θ, then it is obvious that Der(R) = Der(R)0 ⊕Der(R)1 is a subalgebra of Cend(R). (2) ZDer(R) is an ideal of Der(R).
Proof. (1) We only prove that GDer(R) is a subalgebra of Cend(R). The proof for the other two cases is exactly analogous.
For f ∈ GDer(R) σ , g ∈ GDer(R) ϑ , a, b ∈ R, there exist f ′ , f ′′ ∈ GDer(R) σ (resp. g ′ , g ′′ ∈ GDer(R) ϑ ) such that Eq.(4.1) holds for f (resp. g). We only need to show Proof. It is straightforward.
Theorem 4.4. Let R be a Lie conformal superalgebra. Then
GDer(R) = QDer(R) + QC(R).
Proof. For f ∈ GDer(R) θ , there exist f ′ , f ′′ ∈ Cend(R) θ such that (4.11) 
